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An extended Euler-Lagrange equations for discrete time-delay optimal
control problem with time-varying

SEYED MOSTAFA ABDOLKHALEGHZADEH® !, SOHRAB EFFATI?
!SEYED MOSTAFA ABDOLKHALEGHZADEH.
2SOHRAB EFFATI.

Abstract: This article deals with discrete optimal control problems (DOCPs) governed
by time-varying systems with time-varying delays in the state variables. here, the
Euler-Lagrange formulation is used as a productive technique to solve DOCPs with
time-varying delays. the numerical simulation results show that the proposed method
can functionally and reliably solve DOCPs with time-varying delays.

Keywords: Pontryagin’s maximum principle, Discrete-time optimal control problem,
Riccati problem, Euler-Lagrange equations.

1 Introduction

It is well known that the discrete calculus is an important tool for describing natural
phenomena, which is expanded from classic calculus Carpinteri et. al (2014). By
employing discrete calculus in optimal control problems, also well-known as discrete
optimal control problems (DOCP), one can uniquely discover how to model natural
phenomena. Discrete differential equations govern the dynamics of a dynamical system
in a (DOCP), one of the latest exciting mathematical challenges.

The fundamental difference between continuous and discrete time systems lies in the
need to convert analogue signals into digital numbers and the time it takes for a com-
puter system to calculate and apply the corrective action and apply it to the output.
for the application of discrete time systems.Effati et. al (2018)

This paper presents a novel approach to solving DOCPTVD (DOCP with time varying
delays). A general formalism of the structure for DOCPTVD is as follows:

kp—1

J(u(-) = S(alkr) kp) + ) Fla(k),ulk), k), (1)

k=ko
subject to dynamic system with time—varying delay

*Speaker: mostafa.khaleghzade@gmail.com




Optimal control time-varying discrete time-delay systems 2

with initial conditions:
x(k) = o(k), ko —T7(ko) <k < ko, (3)

where z(-) is vector of the state variable, u(+) is vector of the control variable, k rep-
resents the time, /' and G are two arbitrary functionals, kg and k; are fixed, ¢(k) is
specific functions, 7(k) > 0 is delay function for state variable.

The DOCPTVD is involved when the governing dynamic system of DOCP depends
on prior information at the given time. Roughly speaking, interesting delays are cre-
ated when realistic distributed assumptions are substituted for traditional point-wise
assumptions.Rakhshan and Effati (2020)

In addition, in an arbitrary problem satisfying (1)—(3), governing dynamic system is a
Delay System (DS). Therefore, DSs are defined when the derivatives depend on previ-
ous information at the given time.

2 Euler—Lagrange equations of DOCPTVD

There are several kinds of variational problems in calculus. We can refer to some useful
books such as to learn more about some definitions and theorems of variational.Lewis
and Vrabie (2012)

Definition 2.1. Let x(k) and z(k + 1) take on variations 0x(k) and éx(k + 1) from
their optimal values Z(k) and T(k + 1), respectively, such that

T = J(&(ko), ko) = S(x(ky) ky) + > F(2(k), 2(k + 1), k)
ko
kp—1
J = J(w(ko), ko) = S(a(ky) + 0x(ky), k) + > F(2(k) + 6x(k), 2(k + 1) + 5x(k + 1), k).

Definition 2.2. The first variation §.J is the first order approximation of the increment
AJ =J —J. Thus, using the Taylor series expansion we have

_ 0S(a(ky), ky)
§J = ——75;035—1—5x(kf)+-j£: 55 (E) s (k) +

OF((k), 2(k + 1), k)
S A

(4)

Theorem 2.3. For x(k) to be a candidate for an optimum, the first variation of J
must be zero on x(k), i.e., 6J(x(k), dz(k)) = 0 for all admissible values of dx(k). This
is a necessary condition. As a sufficient condition for minimum, the second variation
62J >0, and for maximum 6°J < 0.
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Lemma 2.4. If for every function g(k) which is discrete

> g(k)sa(k) =0 (5)

where the function dz(k) is discrete in the interval [ko, kf| then the function g(k) must
be zero everywhere throughout the interval [ko, k.

Definition 2.5. (Gateauxr Differential). Let X andY be locally convex topological
vector spaces. Assume that U C X is open, and f : X — Y is a function. The Gateauz
differential of f at w € U in the direction v € X, denoted by df (u;1)), is defined as
oy e Juttd) = f(u) d
df (u; ) = lim ; = flutt) . (6)
In the case that the limit (6) exists for every b € X, the function f is called Gateaux
differentiable at u.

The extension of the directional derivative is called Variation of a functional where
its dimension is finite. In the following, we will study a structured strategy to discover
the necessary optimality condition for (1)—(3). The goal is finding the optimal control
u(-) for a DOCPTVD in which the associated performance index (1) is minimized.
Therefore, the necessary optimally condition of DOCPTVD is proved as follows:

Theorem 2.6. (Necessary conditions for DOCPTVDs). Suppose that the DOCP that

defined by (1)—~(3) with ko, x(ko) and ky are fived. Assume the following regularity
conditions are satisfied:

L x(k),z(k—7(k)) € X;u(k) e U;
II. 7(k) : N — N is Natural-valued function, and 7(.) > 0 ;
II. xg € 2", ko € L, ky € Z, ® : Z — 7 are known;
Then any solution u(.) € U satisfies the following necessary conditions:
1. The state dynamics for ko < k < kj:
r(k+1)=G(x(k),z(k —7(k)),u(k), k), ko <k<kr—1, (7)

2. The adjoint dynamics:

s = AR+ N+ 1) 2 T 1)) =0, &= (8) <0, .
OF T oG _ _
o) N D00 = o
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where
oG
Y = Sl R
3. The optimal control dynamics:
oF T oG
8u(k:)+)\ (k+1)au(k> =0, 9)
4. The Boundary conditions:
x(k) = ¢(k), k< ko, (10)
aS(I(kf), kf) + 8£($(k B 1)7$(k B T<k) B 1)7 :r;(k),u(k B 1)7 )‘<k)) -0
ox(ky) oz (k) ‘k:kf -
(11)

Proof. In order to proof the theorem, the variational method is followed to find the
necessary condition of DOCPTVD. Suppose that:

J(u(-)) = S(x(ks), ky)

ky—1

+ kz [F(x(k), u(k), k) + X (k + 1) (Ga(k), 2(k = 7(k)), ulk), k) = 2(k+1) ) (12)

where A(+) is the Lagrange multiplier. Let dz(k), du(k), dxz(k — 7(k)), dA(k), are the
variation of z(k), u(k), z(k —7(k)), A(k), respectively. Therefore, Family of curves are
defined as follows:

)
(k) = x(k — 7(k)) + edx(k — T(k)), (13)

Let,

L L($(k), z(k+1),x(k —7(k)),u(k), k:)

F(x(k), u(k), k) + N (k + 1) <G(x(k), o(k — 7(k)), u(k), k) — x(k + 1)),
(14)
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and
Le = L(z(k),zc(k + 1),z (k — 7(k)), uc(k), k)
= F(zo(k), uclk), k) + AT (k + 1) (G(:ge(k;), vk — (k) uc(k), k) — wo(k + 1))15)

Also note that according to Definition 2.5, we get

(16)

We get the first variation of J(u(+)) as follows:

5(u()) = [8£(x(k —1),z(k — T(k;a)xzk;),x(k;),u(k - 1), )\(k)) 5$(l{:)} ‘k:ko

kp—1

+3 {(85—6;) — A(R))8(k) + aié;)éu(k)

4 oAk + 1) (G(xuf), 2k — 7(k)), u(k), k) — x(k + 1))

oG oG oG

+ M (k4 1) <8$(k) ox(k) + au—(k)éu(k) + —&r(k: — T(k))éx(k: — T(k‘)))](l?)

Let
B oG
- Ox(k —7(k))’

Since z(s) is specified function for k < kg, and 7(k) : N — N, then we have:

(k) (18)

otherwise,
M (ki + D)(ks) =0, if k; — 7(k;) > 0 (20)
The equation (17) can be rewritten as follows:

5(u()) = [8£(x(k —1),z(k — T(k;a)xzk;), z(k),u(k — 1), )\(k)) 5x(k:)} ‘k:ko

k-1

+3 [(aif;) — (k) + AT(k + 1)8(25{:))533(/{)

ko
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+ (ai—f;) AT (k4 1)au(k))5u(k)

oMK+ 1) (G(x(k), 2(k — 7(k)), u(k), k) — x(k + 1))

+Aﬂk+ww®wﬂk—ﬂmﬂ. (21)
To find the minimization of J(u(-)) and also J(u(-)), the coefficients of SA(k), 8z (k),

du(k) in equation (21) is needed to be zero. Alos, he Euler-Lagrange equations are
derived as follows:

o(k+1) = G(q:(k),:c(k; — 7 (k)), u(k), k;) ko < k < ky, (22)
aié) — k) + 2T (k+ 1)8(2—(6;;) + ATk +1)y(k) =0, k—7(k) <0, -
OF . G
Gy~ BN D5 =0, O.W.,
, oG
awm+w(k+nam5_u (24)
with the following conditions:

x(k) = o(k),  ko—7(ko) <k < ko, (25)

0S(x(ky).ky) | OL(elk — 1), x(k — 7(k) — 1), x(k),ulk — 1), AR))|
oxlhy) D2(k) ‘Mf = 0. (26)
L]

The formulas (22) to (26) give the delay discrete Euler-Lagrange equations for
DOCPTVD. These equations also present the necessary optimality condition of the
DOCPTVD which is brought up here.

3 Numerical examples

In this section, some aspects of the proposed method are discussed, together with
the efficiency of suggested method which is examined by numerical examples. we im-
plemented the suggested method on a time-varying optimal control problem with a
time—varying delay in state variable is solved by introduced method and the results
show that our method has high efficient for solving optimal control problem.
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Figure 1: Numerical results of state and control variables of Example 3.1 with 7(k) = 2 — k2.

Example 3.1. Consider the following quadratic and cost function

J= i <m2(k) + uQ(k)), (27)
k=0
subject to autonomous differential equation with time—varying delay
z(k+1) = A(k)x(k) + Av(k)z(k — (k) + B(k)u(k), 0<k<14, (28)
and the following condition
z(k) =1, k<0, (29)

where (k) is the delay function satisfying 7(k) > 0 for 0 < k < 14, and A(k) = k,
Ay(k) =1 and B(k) = 1. We implemented the introduced approach of this article to
solve the DOCPTVD (27)—(29). The numerical results of this example are resented
when 7(k) = 2 — k*. The delay Euler-Lagrange equation of equations (27) to (29) is
presented as follows:

(/f+ 1) = A(k)a(k) + Ay(k)a(k — 7(k)) + B(k)u(k),

0
2x(k) — (k) + M (k + 1)k + T(k+1) =0, k—1(k) <0, (30)
2w (k) — A(K) + AT(k + 1)k = 0, O.W.,
2u(k) + A(k+1)=0, 0<k< 4
Also, the initial Fuler—Lagrange conditions for this problem are as follows:
z(k) =1, k<0, (31)
A(15) = 0. (32)

The numerical results of state and control variables of Fxample 3.1 are shown in Fig.
1 when 7(k) = 2 — k?.Also, we show the convergence curve of the performance index
function in Figure 2
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Figure 2: The convergence of PI function of Example 3.1 with 7(k) = 2 — k2.

4 Conclusion

In this paper, we focus on the general form of DOCP , which denotes the problem
of discrete-time optimal discrete control. As mentioned in the introduction, given the
application of the general form of DOCPTVD, it is necessary to find a way to solve it.
In this way, we have used the discrete method to derive the new Euler-Lagrange delay
formula with a two-point boundary to solve DOCPTVD, which has not been studied in
other works. finally, an illustrative example has been included to illustrate the validity
and application of the technique.
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A Dai-Liao-based extension of the three-term Polak—Ribiere—Polyak
method

ZOHRE AMINIFARD*!, SAMAN BABAIE-KAFAKI'
!DEPARTMENT OF MATHEMATICS, SEMNAN UNIVERSITY, SEMNAN, IRAN.

Abstract: In a significant modification of the Polak-Ribiere-Polyak method, Zhang
et al. proposed a descent three-term conjugate gradient method which is globally
convergent. Here, we develop a class of one-parameter descent extension of the method
based on the Dai-Liao approach. Additionally, based on quasi-Newton aspects, the
parameter of the method is computed. At last, practical merits of the methods are
investigated by numerical experiments on a set of CUTEr test functions. The results
show computational efficiency of the proposed methods.

Keywords: Unconstrained optimization; conjugate gradient method; quasi-Newton
method; sufficient descent condition.

1 Introduction

Consider the n-dimensional unconstrained optimization problem

min f(z),

with the smooth objective function f. Starting from an initial point xq € R", iterations
of a conjugate gradient (CG) method are in the form of

T4l = T + Sk, k= O, 1, ceey

where s, = agdy, in which a > 0 is a step length determined by line search technique
Sun and Yuan (2006) along the CG direction dj, defined by

do = —go, diy1 = —gk+1 + Bedi, k=0,1, ...,

where g, = V f(x) and fy is a scalar called the CG parameter, significantly affecting
performance of the method Aminifard and Babaie-Kafaki (2021),M9Aminifard:Babaie-
Kafaki:2019.

*Speaker: email@email.ac.ir
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A review of the literature reveals that performance of the CG methods have been
mainly improved by several approaches: employing the quasi-Newton aspects initiated
by Dai and Liao Dai and Liao (2001), hybridizing the classical CG methods in discrete
forms Aminifard and Babaie-Kafaki (2019) or extending three-term versions of the
classical CG methods as comprehensively reviewed by Sugiki et al. Sugiki et al. (2012).
Intending to improve the theoretical and computational merits of the three-term CG
method, we incorporate it with the Dai-Liao (DL) approach. Moreover, to compute
the parameter of the proposed method, we employ the quasi-Newton aspects. These
render in Section 2. Section 3 associates to evaluating the numerical merits of the
proposed method. Finally, we come up with the concluding remarks in Section 4.

2 An extension of a three-term Polak—Ribiere—Polyak method

In an essential study based on the approach presented in Dai and Liao (2001), Babaie-
Kafaki and Ghanbari Babaie-Kafaki and Ghanbari (2017) suggested a generalized CG
methods, that is

do = —go dEPRP = —0k+1+ <gg+1yk — tgg—HSk) di, k=0,1 (1)
- ’ 1 ) — Uy dy e

i lgsll® llgnl?
where ||.|| stands for the Euclidean (¢3) norm, yx = gx+1 — gx and t is a nonnegative

parameter. The method has been then attracted special attentions, mainly concerned
to find optimal values for the parameter t. However, it lacks the significant sufficient
descent property

grdi < —ollgl®, k=0,1,..., (2)

where ¢ > 0 is a constant. Alternatively, Zhang et al. (ZZL) Zhang et al. (2007)
presented the following three-term CG method:

TTPRP 91{+1yk 91?+1dk
dO == _907 dk+1 = _gk‘-‘rl + Hng2 dk‘ - Hng2 yk?’ k Z O’ (3)

which ensures the sufficient descent condition. To boost the computational privilege
of the search direction (3), we extend the TTPRP method (5), in the sense of,

T T T
Ji+1Yk i+15k Gr1k
do = —go, dpp1’ ¥ = —gy +< —t >dk——yk,/€20- 4
oo T RN A PAE )

which ensures the sufficient descent condition (2), due to

(gg+13k)2

T 2
grde = —llgxl” =1
lgx[1®
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Now, we deal with computing parameter of the TTEPRP. Inspired by the features
of quasi-Newton methods, here we let d, = —B, Y9, where B, € R™™ is a symmet-
ric approximation of the Hessian V2 f(x;,) satisfying the secant condition Bysy = yi.
Therefore, we can write

Giils
lgell® llgxll®

T T
15k Gios1k
k41 ) dy — k41 2 Y.
||91<:||

Performing inner product on both sides of the above equation by s? By, and also,
using the secant equation, we get

—Bi Gk = —Grs1 + (

(sk — ue) " g llgell* + (geayw) (diyn) — lluell?)

t =
(91{+13k>(d;‘gyk>

1
To ensure the positiveness and boundedness of the parameter ¢, we set t* = max{e, min{t, —}}
€

by considering a small constant € > 0.

Theorem 2.1. Suppose that the level set Q = {z € R" | f(x) < f(xo)} is bounded and
in some neighborhood S of 2, the objective function f is smooth and also, is Lipschitz
continuous. For the CG method TTEPRP with the search directions (), assume that
the line search fulfills the strong Wolfe conditions Sun and Yuan (2006). If the step
length is bounded below, then

lim inf ||gx|| = 0.
k—o0

Proof. See the proof of Theorem 2.1 in Aminifard:Babaie-Kafaki:2019. ]

3 Numerical tests

We investigate performance of the proposed methods on a set of CUTEr test func-
tions, in this section. Here, efficiency of the CG methods TTEPRP, TTPRP and
EPRP, respectively with the search directions (4), (3) and (1), is computationally in-
vestigated. Test functions data include 60 problems of CUTEr library Gould:et:al:2003.
The line search conditions and the stopping criteria have been declared in Aminifard
and Babaie-Kafaki (2021). Moreover, efficiency of the algorithms was compared ap-
plying the performance profile proposed by Dolan and Moré Dolan:More:2002 on the
total number of function and gradient evaluations (TNF) and the CPU time (CPUT),
following the notations of Aminifard and Babaie-Kafaki (2021). Results are shown by
Figures 1 and 2 upon which TTEPRP is preferable to EPRP and TTPRP with respect
to TNF and CPUT.
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——TTEPRP
- = =TTPRP
=+=-= EPRP

Figure 1: Results of comparisons based on TNF

Conclusions

The Dai-Liao approach has attracted special attentions to develop nonlinear conjugate
gradient methods. Here, based on the insight gained by the approach of Dai and
Liao (2001), an extension of the three-term conjugate gradient method of Zhang et al.
Zhang:et:al:2007 has been suggested. Additionally, taking the quasi-Newton aspect,
the parameter of the method has been computed. It has been shown that search
directions of the given method fulfill the sufficient descent property. Using a set of
standard test functions of the CUTEr library Gould:et:al:2003, numerical experiments
have been implemented to investigate efficiency of the given methods. The results
have been compared using the Dolan-More Dolan:More:2002 performance profile. It
has been observed that the proposed methods are computationally promising.
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The Existence of pole-zero cancellation in continuous time linear systems
with interval coefficients
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Abstract: The existence of pole-zero cancellation in a continuous time linear system
with interval coefficients is researched. It is examined by the controllability and ob-
servability of the system.

Keywords: pole-zero cancellation — controllability - observability.

1 Introduction

The pole-zero cancellation is expressed for continuous-time linear system with real
coefficients . Now, this concept is extended to continuous-time linear system with
interval coefficients. This research is done through the parametric form of the interval
of real numbers. Bhurjee and Panda (2012)

2 Preliminaries

A ={z € Rla' <x < a?} for a',a? € R is a closed bounded interval. Each member of
A stated as a(\) = a' + A (a®> —a'),0 < A <1 and a' = mina()),a? = maxa()),0 <
A < 1 are respectively the begining and end points of A. All elements of a matrix
are closed bounded intervals then it is called nterval matrix. A = [a;] . and A =

[Aijlsen » Aij = [ai;, aZ;] are respectively real and interval matrices. A € A if and only
if a;; € Ajjfori=1,...,m,j=1,...,n. Amiri and Borzabadi and Heydari (2020)
The following explanations are considered:

I(R) =The set of all closed intervals in R.

I(R)™ =The product space I(R) x I(R) x --- x I(R).

I(R)™*™ =The set of all interval matrices with m rows and n columns.

J[0,1]™*™ = The set of all real matrices with m rows and n columns such that all

elements of these matrices belong to [0, 1].

*Speaker: H.S.Amiri@pnu.ac.ir
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Proposition 2.1. An interval matriz A can be presented by an infinite set of real
matrices, i.e.

A = {AxAx = [aij(Nij)lmxn s A = Nijlmxn € J[0,1]™"  ai(Nij) = af; + Nij(ai; —
a?j) yi=1,....m, j=1-- n}

Proof. The proof of this proposition is stated in Amiri and Borzabadi and Heydari
(2020) ]

The continuous time linear system with interval coefficients is stated as follows:

#(t) = Azx(t) + B(t)
y(t) = Cx(t) + D(t)

x(t),u(t) and y(t) are respectively state, control and output vectors and they have
n,m and p dimensions. A, B,C and D are interval matrices and they are defined in
accordance with Proposition 2.1. The real matrices Ay, Br,Co and Dg respectively
belong to the interval matrices A, B,C and D for all real matrices A € J[0, 1" T €
J[0,1]™™ © € J[0,1]P*"™ and Q € J[0, 1]P*™.

There is a continuous time linear system with real coefficients as:

i(t) = Apa(t) + Br(t)
y(t) = Cox(t) + Da(t)

(1)

(2)

I-A"B
It has the similar structure to the system (1). H(s) = Co (sI — A)™' By = ng(f( 7 )A) a
et (sl —

is called transfer function of the linear system (2). (s — A)~" and (sI — A)* are re-
spectively the inverse and the adjoint of the matrix sI — A.

3 The existence of the pole-zero cancellation

O@ (S[ — A)* B
det (sI — A)
exist in the numerator by all possible cancellation, then the transfer function H(s) does
not have pole-zero cancellation. Chui and Chen (1989) So the pole-zero cancellation

does not exist in the system (2).

If all zeros of the denominator of the transfer function H(s) = L do not

Theorem 3.1. . Let the system (2) be continuous time, linear with real coefficients.
This system is controllable and observable then there does not exist pole-zero cancellation
i it

Proof. The proof of this theorem is in Chui and Chen (1989) O
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There does not exist pole-zero cancellation in the system (2) for all real matrices
A e J[o, 1], T € J[0,1]™™, 0 € J[0,1]P*™ and Q € J[0,1]P*™, then there does not
exist pole-zero cancellation in the system (1).

Proposition 3.2. Let the system (1) be continuous time, linear with interval coeffi-
cients. Prove if the system (1) is controllable and observable then there does not exist
pole-zero cancellation in the system (1).

Proof. The system (1) is controllable and observable, the system (2) is controllable
and observable for all real matrices A € J[0, 1], T € J[0,1]™*™, © € J[0, 1]P*™ and
2 € J[0,1]7*™. Amiri and Borzabadi and Heydari (2020) There does not exist pole-zero
cancellation in the system (2) for all real matrices A € J[0,1]"*",. " € J[0,1]"*™ O €
J[0,1]P*™ and Q € J[0,1]"*™, so there does not exist pole-zero cancellation in the
system (1). O

None of the criteria that are proposed in Amiri and Borzabadi and Heydari (2020)
are used for the controllability and observability of the system (1) in this paper.

Example 3.3. The coefficient matrices A, B,C and D in the system (1) are considered

S I P

],cz [11,2] [7,9]],D = O.

The real matrices Ay, Br, Co respectively belong to the interval matrices A, B,C for all
real matrices A € J[0,1]**2 T € J[0,1]**!,© € J[0,1]'*? and they are as following:

o 2+2)\11 0 - 2+3’)’11 -

The matrices My, p. and Ncga, and their determinants are as:

- 2 -+ 3’}/11 (2 + 2/\11)(2 -+ 3’}/11)
MAABF o |: 1 -+ 5’)/21 —(5 + 3)\22)(1 + 5"}/21) ’

N . |: 1464 7+ 26019 ]
CoAn — (1 + 6‘11)(2 + 2)\11) —(7 + 2912)(5 + 3)\22) !

det (Ma,p.) = —(2+ 3710) (1 + 5721 ) (7 + 322 + 2A11),

det (NC@AF) = —(1 + 911)(7 + 2912)(7 + 3/\22 + 2)\11)‘

det (M4, p.) # 0 and det (Negay) # 0 and the system (2) is controllable and observable
for all real matrices A € J[0,1]**2,T € J[0,1]**',© € J[0,1]'*2. So the system (1) is
controllable and observable and there is not pole-zero cancellation in it.
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4 Discussion and Resuls

The existence of pole-zero cancellation in a continuous time linear system with interval
coefficients was examined. It was done by the controllability and observability of the
system. The advantage of this method is that without using the transfer function will
be done. This research for the linear systems with other coefficients suggests.
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Abstract: In this article, we present a new approach to solve a class of sparse opti-
mization problems. Given the extraordinary ability of Bernstein polynomials to ap-
proximate the solution of PDEs, here we use these polynomials to solve sparse PDE
constarined optimization problems. For this purpose, we first extract the necessary
conditions for the optimality of these problems using the Lagrange muliplier method
and then solve these conditions with the help of Bernstein polynomials. Finally, a
example is presented to illustrate the ability of proposed approach.
Keywords: Optimization, Bernstein polynomials, Sparse.

1 Introduction

There are two general approaches to solving PDE constrained optimization problems:
optimize-then discretize and discretize-then optimize. Each of these methods has spe-
cific capabilities for solving these problems. In the first approach, we also use this ap-
proach in this article, emphasizing discretization methods. But in another approach,
the emphasis is on using efficient optimization methods Darehmiraki et al. (2016,
2018).

Due to the widespread use of optimization problems with PDE constraints (optimal
control of PDESs) in various sciences and industries such as oil and gas industry, they
are interesting for many researchers in various fields and many efforts have been made
to provide efficient and useful solutions for them. When in the objective function of
this category of optimization problems there is an expression with L; norm, they trans-
form to sparse optimization problems. They were first examined, as far as we know, by
Stedler in 2007 (Newton-typed algorithms were proposed for them), and then various
methods have been proposed to solve them, some of which are mentioned below. Re-
cently, the author of Otarola (2020) have provided an adaptive finite element method
for the sparse optimal control of fractional diffusion.

*Speaker: darehmiraki@bkatu.ac.ir
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In this paper we will consider the distributed convection-diffusion control problem as
follows:

1 B
min o ly = Gllz, + G lwllz, + el :

(1)
Ay=w+g in , (2)
y=0 ondf, (3)

w €EWyq = {h(x)|a <w < b, a.e.on} (4)

where A denotes the Laplacian operator, g € Ly(2), the domain Q C R% d = 2 or 3.
y denotes the state variable and ¥ is desired state, w denotes the control variable, and
8 > 0 is a regularization parameter.

Optimality conditions for this problem are as follows:

Ay—w—-g=0,Ap+y—9y=0, —p+ pw+p =0, (5)
w — max(0,w + c(p — 7)) — min(0,w + c(pu + 7))+
maz(0, (w —b) 4+ c¢(u — 7)) + min(0,(w —a) + c(u+7)) =0 (6)

where ¢ > 0 and A*, p and p are duals A, y and w respectively. Stadler in Stadler
(2009) was able to rewrite the above conditions by performing some calculations and
introducing an operator:

w — B 'max (0, Yw — ) — B 'min(0, Yw + v)+
B 'maz(0, Tw — v — Bb) — B~ 'min(0, Yw + v — Ba) =0 (7)

where Yw = Sw+h, S=—-A*A" and h = —A*(A g —3).

In this paper, the Bernstein polynomials are developed and implemented for solving
the sparse PDE constrained optimization problem. The rest of this paper is organized
as follows: In Section 2, we state a brief overview on Bernstein polynomial method.
Next the Bernstein polynomials method is used to solve the sparse PDE constrained
optimization problem. Finally, in Section 3, some numerical results are reported to
show the accuracy and efficiency of the proposed method.

2 Bernstein polynomials

Bernstein polynomials on interval [1,0] are defined as follows:

by w(x) = (];[)a:j(l N 0<j<l (8)
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If we want to extend Bernstein polynomials based on power functions, we get the

following relation

N
[N\ [k
i) = S0 () (5)
k=j J
For example if N = 2 we have

boz(l‘) =1—-2x —+ l'27 b12 = 2r — 21‘2, b22 = 1'2.

We define
bON X 1
by r
U(e) = N:Exg ool = | =) = An)
bNN(m) X

Now, we can appriximate u(z,y,t) using Bernstein polynomials
N N N

u(x,y,t) = Z Z Z bin ()b NybenUijk,

i=0 j=0 k=0
or in the another form, we can rewrite (?7) as
u(z,y,t) =z, y,t) x Vec(U),
where
M(z,y,t) = ¢"(z) @ [T (y) @ 7 (1)),
Vee(u) = [ugoo * * * Uoon, Uo10 * * * Uo1N; U020 * * * Uo2N 5 " * *
UNQO * * * UNON, UN10 " UNIN, - - -, UNNO * " UNNN]-
The integral of Bernstein’s polynomials is as follows
N\ (N
(3) ()

(9)

(10)

Q- /0 W) () /0 Ary ()7L () ATdz = A[ /O ()7L () da] AT = AHAT,

1 1
5 T Nt1
11 i
H= 23 " N+2
T 1T

N+1N+2 2N+1
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2.1 The operational matrix of derivative

Suppose
1
x
TN(l') =
=N
' <i<r1<j<
dTN($):D(r)TN(x) DE(«): O' . 1_@_7.~,1_‘7_N+} o
dx” J (2—1)-.-(2—7“) T+1§Z§N+171§]§N+1,Z:]+7‘.
Therefore
dx)  d'v(x) o
S ASIYE 4D 7y (a)
d"(z) ") A— d"(z) .
=7y (x)=H 1¢(z) e = ADM A 1w(x) = T — Of )iﬁ(«%’)

3 Numerical Example

One example is presented in this section to illustrate and to confirm our theoretical
results and the abilities of the proposed method. We consider the domain Q = [0, 1] x
[0, 1] for the resented example. Also assume A = —A. For all two examples, we choose
v=10"% and v = 107F.

Example 3.1. The data for this example are as follows: a = —30,b = 30,y =
sin(2wz)sin(2wy)exp(22)/6, g = 0 and = 1077,

Figure 2 contains numerical solutions of state, control, adjoint and u functions with
v = 107* in Example 3.1. Control functions with various v values are compared in
Figure 77.
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Figure 1: Optimal control w, corresponding multiplier p, Optimal state y and corresponding adjoint
p in Example 3.1 with v = 1074,
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Solving a quadratic Riccati differential equation
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Abstract: An effective algorithm for solving quadratic Riccati differential equation
(QRDE) is introduced. This technique is based on Genocchi polynomials (GPs). The
properties of Genocchi polynomials are stated. The findings show that the technique
is accurate and simple to use.

Keywords: quadratic Riccati differential equation, Genocchi polynomials.

1 Introduction

Riccati differential equations (RDEs) play significant role in many fields of applied
science ( Reid (1972)). For example, a one-dimensional static Schrodinger equation
(Dehghan and Taleei (2010)). The applications of this equation found not only in
random processes, optimal control, and diffusion problems ( Reid (1972)) but also in
stochastic realization theory, optimal control, network synthesis and financial math-
ematics. Now, RDEs attracted much attention. Recently, various iterative methods
are employed for the numerical and analytical solution of functional equations such as
Adomian s decomposition method (ADM) ( see Bulut and Evans (2002), El-Tawi et.
al (2004)), homotopy perturbation method (HPM) Abbasbandy (2006), variational
iteration method (VIM) Geng et. al (2009), and differential transform method (DTM)
(Mukherjee and Roy (2012)).

The outline of this sequel is as follows: In Section 2, some basic preliminaries are
stated. Explanation of the problem is explained in Section 3. Some numerical results
are provided in Section 4. Finally, Section 5 will give a conclusion briefly.

2 Some basic preliminaries

Genocchi numbers (G,,) and Genocchi polynomials (G,,(z)) have been extensively stud-
ied in various papers. The classical Genocchi polynomials G, (x) are usually defined

*Speaker: fatemeghomanjani@gmail.com, f.ghomanjani@kashmar.ac.ir
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by the following form

BT =Y G (<) )

where

Go(z) = i (Z) Gra™*,

k=0
G =1,G2=0,G3=0,G, =1,G5 =0,Gg = -3,G7 =0,

Gy =17,Gg = 0,G19 = —155,G11 = 0,G1o = 2073,
G2n+1 =0,n¢€ N7
Gi(z

) =

Ga(z) = 23: -1,
Gs(r) = 32% — 3z,
Gy(z) = 42° — 627 + 1,
Gs(z) = ba* — 102° + 5z,
Gg(x) = 62° — 152" + 152° — 3,

Go(z+1) + Gu(x) =2n2™ 1t n >0,

;xx) =nGy_1(z),n > 1, (2)

3 Explanation of the problem

Firstly, Riccati differential equation (RDE) is considered

y'(z) = p(x) — q(@)y(z) + r(z)y*(x), =0 <z <y, (3)
y(ro) = a,

where p(x), ¢(x) and r(x) are continuous, zy, xy and « are arbitrary constants, and
y(x) is unknown function.

Now, the collocation method based on Genocchi operational matrix of derivatives to
solve numerically RDEs is presented.

Our strategy is utilizing GPs to approximate the solution y(x) by yy(z) is as given
below.

y(@) myn() =) calalz) = G(2)C,
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where
C" = [017627 7Cn]7
G(I) = [GI(I)7G2(x)7 7GN(*I)]7
00 0 ... 0 0 0,
200 0 0 0
M= i - (@)
000 ... N—1 0 0
000 ... 0 N 0
G'(z)" = MG"(2),= G'(z) = G(x)M T,
GW(x) = G(a) (M), (5)
then, the k-th derivative of yy(z) can be stated as
Uy (1) = GY(0)C = G(a) (MT)C, (6)
by Egs. (3) and (6), we have
G(z)M"C = p(z) — q(2)G(2)C + r(x)(G(2)C)?, (7)
to obtain yy(z), one may use the collocation points z; = j%, j=12,...,N—1

These equations can be solved by Maple 15 software.

4 Numerical application

In this section, an example is given to demonstrate the quality of the sated technique
in approximating the solution of RDEs.
Example 4.1. First, the following RDE is considered (see Ghomanjani and Khorram
(2017))

y(2) =1+2y(z) —y*(2), 0< 2 <1,

y(0) =1,

1. V2-1
vract () = 1 + V2tanh | V22 + = 1o
Yezact (T) ( g( Vo

One may achieve Yopproz (2) = 0.4836486196+1.9592593612+.18731350742%—0.53493517162°
with this technique by n = 4. Table 1 demonstrates the absolute error of the this tech-
nique.

) ) yexact<0) =2 X 10_10 ~ (.
2
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Table 1: The absolute error of the this method for Example 4.1
x error of y

0.2 0.01957152970
0.3 0.01520160000
0.4  0.007259874300
0.5 7.000000000 x 10~10
0.6  0.003753795400
0.7 0.003263092300
0.8 3.000000000 x 10~10
0.9  0.002664043000
1.0 0.0

5 Conclusions

In this paper, GPs stated for solving the RDEs. The stated technique is computation-
ally attractive. The result is included to explain the validity of this technique.
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Improved version of Gravitational Search Algorithm and its application in
minimizing the power of CMOS ring voltage controlled oscillator
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Abstract: In this paper, a three-stage CMOS inverter based ring voltage controlled
oscillator (VCO) is designed. Very low power consumption is an important feature of
the designed VCO. The variables used in the design of the presented oscillator have
been quantified using the improved gravitational search algorithm (GSA) in order to
minimize the power consumption of the oscillator. In this algorithm, the Boltzmann
scaling function is used to control the exploration and exploitation capabilities of GSA.
Other advantages of the designed VCO are the high integration capability, simplicity
of implementation and high frequency range. The power dissipation of the VCO is 820
pW. The presented oscillator can operate from 1.25 GHz to 2.5 GHz frequency.
Keywords: Gravitational search algorithm; Boltzmann scaling; CMOS inverter; Ring
voltage controlled oscillator.

1 Introduction

Ring VCOs are widely used as the building block in many communication and wireless
systems because of their wide tuning range, small chip area occupancy and ability
to generate multiphase signals Panda et. al (2018). For example, phase locked loops
(PLLs) need to ring VCO as one of the critical blocks for clock generation in transceivers
Tlelo-Cuautle and Valencia-Ponce (2020). Hence, in the recent years, more researches
have been done to design different configurations of ring VCOs with high oscillation
frequency and wide tuning range.

A ring VCO configured by odd or even numbers of delay cell or gain stage in a
closed loop with positive feedback. Delay cells and gain stages of ring oscillators can
be designed in the scheme of single-ended or differential. Although, the prior based
ring VCOs show higher noise compared to the later one, they have advantages of low
power dissipation, small chip area and ease of implementation. Single-ended ring VCOs
further can be mainly categorized into source-coupled and current-starved topologies.

*Speaker: mj.hemati@sirjantech.ac.ir
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Employing different improvement approaches of the analog and RF integrated cir-
cuits in order to achieve optimum results are very effective. Optimization algorithms
as an important approach can be used as the single objective and multi objective func-
tions. In Panda et. al (2018), a five-stage ring VCO has been presented that has
been optimized using the Genetic Algorithm. In this algorithm, the objective func-
tions are considered the phase noise and power consumption of the circuit. Another
example of algorithm employed for optimization has been presented in Tlelo-Cuautle
and Valencia-Ponce (2020). In this work, the hybrid of PSO and Many Optimizing
Liaisons (MOL) algorithm is proposed. This algorithm has been used to calculate the
size of MOS transistors to guarantee the appropriate DC operating conditions of an
operational transconductance amplifier. Improvement algorithms can be used in op-
timizing of LC-VCOs. In Ebrahimi and Hemmati (2023), design of complementary
LC-VCO has been optimized using multi-objective GSA. The objective of the designed
VCO is to minimize the phase noise and the power dissipation simultaneously.

The remaining of this paper is organized as: the next section presents the description
of designed VCO. In Section 3, the improvement algorithm is presented in details. The
simulation results and the summary of the important points of this work are presented
in Section 4 and 5, respectively.

2 Description of the designed ring VCO

A ring VCO can be configured by odd numbers of delay cell or gain stage in a closed
loop with positive feedback. The VCO circuit must satisfy the Barkhuizen’s criteria
to create oscillation at the outputs. Hence, total phase shift around the closed loop
must be equal to 360° or a multiple of it and also, the loop gain must be unity. Fig. 1
shows three-stage CMOS inverter-based ring VCO. The pair of transistors M,, and M,
in each stage form the inverter and transistors M, control the discharge of the output
capacitances. The V., as the gate-source voltage of M, controls their drain-source
currents. In other words, the oscillation frequency of circuit is controlled with V..
The output frequency can be driven as Baker (2019); Docking and Sachdev (2003):

Ip

- _ v 1
f nNVDDCtot’ ( )

where N is the number of stages and 7 represents the characteristic constant which is
chosen between 0.75 and 1 for ring VCOs. Also, I is the average current flows through
the inverter stages. Cy, is the total capacitances appear on each output nodes. Cy
can be expressed as Baker (2019):

5
Ctot = 500x<Lpr + Lan)a (2)
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Figure 1: Fig. 1 Inverter based ring VCO

where Wy and Ly are the width and length of NMOS transistors, respectively and also,
W, and L, are the width and length of PMOS transistors, respectively. C,, represents
the gate-oxide capacitance of transistors per unit area.

Average power consumption of each stage is given by the following;:

P =Vpplp. (3)

The purpose of this article is to fine the sizes of transistors by minimizing the
power consumption of the ring VCO. The objective function of the presented VCO is
expressed as follows:

1€eC ZUGfU’I’LC won arg m%l,lv‘r}n ( )

3 Improved version of GSA

Gravitational Search Algorithm cannot control exploration and exploitation abilities
in complex optimization problems and getting trapped in local optima Rashedi and
Nezamabadi-Pour (2009). At the beginning of the computational process of GSA,
the standard deviation of fitness values for agents are high. So, there are some heavy
masses that attract other lighter ones. Thus, algortihm converge to the best solution
and cannot explore more regions in feasible area. On the other hand, at the end of
the computational proess of the algorithm, it should converge to the best solution and
search around it to find the best answer for the problem. But, the mass values are
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close together. The selection pressure of the algorithm is low and the masses explore
the search area to find new solutions.

In this paper, Boltzmann scaling function is used for mass calculation. Improved
version of GSA (ImGSA) can control the exploration and exploitation abilities using
this scaling method. The value of masses in InGSA are computed as follows:

N fiti(t)
exp(w)
NFit (@), ©)
T
where M;(t) is the mass value for i'" agent in time ¢, N fit;(t) is the normalized
fitness value of the i’* agent in time ¢, < . > shows the mean operation and computes

the mean value for all agents in time ¢. Moreover, T is a function shows tempreture in
Simulated Anealing (SA) algorithm and be computed as follows Gao et. al (2021):

T(t) = % (6)

< exp(

In this equation, ¢ shows the iteration number of the algorithm. T'(¢) is a descending
function. At the beginning of the algorithm, tempreture is high and 7'(¢) returns high
values. Hence, the values of masses are calculated close together using Eq. (5). So,
ImGSA can explore the feasible area and find good solutions (exploration). At the
end of algorithm, tempreture is low and the standard deviation of the masses is high.
The selection presure is high and algorithm converge to the best solution. In this
stage, ImGSA search arround the best solution in order to imrove it (exploitation).
Thus, exploration and exploitation abilities are balanced in ImGSA using this method.
ImGSA has better performance in complex optimization problems and can escape from
getting trapped in local optima. In this paper, ImnGSA is used to find a good solution
for Eq. (4).

4 Simulation results

The designed ring VCO has been simulated with 0.18 pm RF-CMOS technologies.
Voltage waveforms of the output nodes are drawn in Fig. 2 at the oscillation frequency
of 1.5 GHz. The power dissipation of the oscillator is 0.85 mW. The designed VCO can
oscillate from 1.25 GHz to 2.5 GHz by varying Vctrl from 0.65 V to 1.2 V. Therefore,
according to the simulation results, frequency tuning range of the presented VCO is
1.25 GHz.

The circuit phase noise has been plotted from the offset frequency of 1 kHz to 10
MHz in Fig. 3. At 1 MHz offset frequency, the phase noise of the designed VCO is
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Figure 2: Fig. 1 Output waveform of the designed VCO.

-91 dBc/Hz. To compare the performance of the designed VCO with some other ring
VCOs, table 1 is provided. In this comparison, the designed technology and the main
characteristics of the VCO is summarized. In this table, the figure of merits (FoMs)
are reported based on the following equation.

FTR(%)

FoMT = L(w) + 10log Ppc — 20 log(Z—;) ~ 10log(—37——): (7)
tune

5 Conclusion

A three-stage inverter based ring VCO was presented and designed with 0.18 pm RF-
CMOS technologies. To increase the performance of this oscillator, the improved ver-
sion of GSA was used to determine the variables and reduce the power consumption
of this oscillator. In this algorithm, the Boltzmann scaling function was used with
the aim of controlling the exploration and exploitation capabilities and productivity
in defining the mass of search agents. The designed VCO has the other advantage
of high frequency tuning range. The designed VCO dissipates 0.85 mW power at the
oscillation frequency of 1.5 GHz. Simulated phase noise of the designed VCO is -91
dBc/Hz at the offset frequency of 1 MHz.
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Figure 3: Fig. 3 Simulated phase noise of the designed VCO.

Figure 4: Table. 1 Performance summary of the presented VCO and some popular published VCOs.

vVCoO CMOS

Vi (V) Pae Phase Noise
Tech. oo 4o (W) | Foc (GH2) | TR (GH2) (dBc/Hz) EoM
[8] 0.18 pm 1.8 50.9 5 299 -82@1 MHz -145.9
[9] 0.18 ym 1.8 8.1 54 49-~59 -86.7@1 MHz | -149.7
[10] 0.18 pm 1.8 6.99 5 2.36~285 | -112@l0 MHz | -151.3
Proposed 0.18 pm 1.25 0.85 1.5 1.25~ 2.5 -91@1 MHz -155.2
vCco
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Abstract: This paper describes a concept of fixed interval-valued functions in inter-
val metric space C'(I,IR), such as fixed atractive interval-valued functions and fixed
repulsive interval-valued functions, and we also state the stability of the fixed interval-
valued functions. We prove contraction and fixed interval-valued function theorem.

Keywords: Interval analysis; Ordering relation; gH-differentiable; contraction the-
orem; fixed interval function theorem; fixed atractive interval function; repulsive inter-
val function; stability.

1 Introduction

Let IR denote a set composed of all closed intervals in R. For a given interval a =
[al,a®], a is said to be a degenerate interval if a* = aff. we introduce the Hausdorff-

Pompeiu metric on IR, i.e.,
H(a,b) = {|a" — b"|,]a" — 0"}

A norm in IR can be established by defining ||a||; = H(a,0) with a € IR.
In interval analysis, value interval function is defined f : I — IR that I = [t1,1s],
continuous value interval functions space is defined as following;:

C(I,IR) ={f|f : I — IR; f is continuous}.
A norm in C(I,IR) can be established by defining ||f||c = p(f,0). The distance
between two functions is as sup,c;{H(f(t),0)}.
The stability is one of the most basic requirement for the numerical model, which is

mostly elaborated for the linear problems. One of the requirements for this model is
stability, which seems to be one of the most challenging problems in numerical analysis.

*Speaker: a.karami@stu.yazd.ac.ir



37 A. Karami,T. Shokoohi Fard, S.M.S Modarres Mosadegh

2 Interval number space and Interval-valued function space

IR is not a linear space under the above arithmetic rules of addition and scalar multi-
plication, but it can almost keep the features of linear space, provided that we replace
subtraction by the gH-difference. In order to develop a useful theoretical framework on
interval number like real number theory, Hukuhara Bede and Stefanini (2009) intro-
duced another concept of interval difference for a and b in 1967, namely the Hukuhara
difference (H-difference, a © b), where a © b = ¢ if and only if a = b+ ¢. However, al-
though such a concept can satisfy a©a = 0, a©b is meaningful only when w(a) > w(b),
where w(a) and w(b) denote the widths of a and b, respectively. In one such quasi-linear
space, we can easily obtain an additional property, namely for a given a € IR, there
exists a unique d € IR such that a ©, d = 0. Additionally, in order to investigate the
relation between elements in IR, we introduce the Hausdorff-Pompeiu metric on IR,
ie.,

H(CL7 b) - {|aL - bL|7 |aR - bR|}

Through simple induction, the triangle inequality of the Hausdorff-Pompeiumetric
on IR always holds, namely

H(a,b) < H(a,c) + H(c,b).

metric space (I R, H) was a complete . Further, such a metric can imply the following
properties with the H-difference :
(1) Ha+b,a+c) = H(b,c);
(ii) H(ka,kb) = |k|H(a,b), where k € R;
(14i) H(a+b,c+d) < H(a,c) + H(b,d);
() if a ©b,a © ¢ exist, then H(a ©b,a © c¢) = H(b,¢);
(v) if a ©b,c©d exist, then H(a©b,co©d) = H(a+ d,b+ c).

Notice that equations (iv) and (v) are true only when a©b, a©¢, and cOd exist. We
next identify whether the two equations of (iv) and (v) above hold after replacing © by
Og4 . For convenience of the representation, write ry, = w(a) — w(b), rq = w(a) — w(c),

and r.q = w(c) — w(d) with a,b,¢c,d € IR.

Based on the above Hausdorff-Pompeiu metric, define ||a||; = H(a,0) with a € T R.
Further, by simple inference we notice that ||.||; satisfies the basic properties of the
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classical concept of norm. Therefore, IR can be naturally said to be a normed quasi-
linear space.

Let I = [t1,ts] and ty € I. f : I — IR is an interval-valued function. We say that
a € IR is the limit of f at the point ¢, if || f(t) O, a|; —> 0 as t — ¢,. f is said to be
continuous on I, if for any given ¢y € I, || f(t) ©4 f(to)|lr —> 0 as t — ¢,. Define the
following continuous interval-valued function space,

C(I,IR) ={f|f: I — IR, f is continuous on I}.

Introduce the following well-known arithmetic rules for f,g € C(I,IR) :

(@) (f +9)(t) = ft) + 9(1);

(i) (Kf)(t) =kf(t).k € R;

(1) (f ©q9)(t) = f(t) O 9(t);

(iv) (fg)(t) = f(t)g(t).
Definition 2.1. Moore (1966) if f,g be interval-valued functions, then we define p
on C(I,IR) :

p(f,9) = supie {H(f (1), 9(t))}-

One can prove that the metric of p satisfies the three basic properties of a metric
space, namely if f,g,h € C(I,IR), then

(i) p(f.9) 2 0;p(f,g) =0 if and only if f = g;
(i) p(f,9) = p(g, f);
(@) p(f,g) < p(f,h)+p(h,g).

Thus, (C(I,IR),p) is a metric space.

Like the above normed quasi-linear space IR, we can introduce the version of a
norm on C(I, IR), namely | f|lc = p(f,0). By means of the Hausdorff-Pompeiu met-
ric on interval numbers above, one can see that (C(I,IR),||.||)c is a normed quasi-
linear space.We also notice that |f(t)| = H(f(t),0). Therefore, we can rewrite || f||c as
sup,es | f(¢)]. that is

[flle = p(f,0) = sup,e {H(f(2),0)} = supie; [ f(2)]-
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Definition 2.2. Moore et. al (2009) If for every ty € I, ||f(t) ©4 f(to)||1 — 0, (as
t —> to) then f on I is continuous.

Definition 2.3. Ordering relation on interval functions is defined as follows
Vf,g€ C(I,IR), f<g<= fr<g" ff<gm
This is a partial ordering relation.

Definition 2.4. If [a,b] be a interval such that a,b € I, then
(i) The interval [a,b] is called positive interval whenever a,b be positive.
(i) The interval [a,b] is called negative interval whenever a,b be negative.

(iii) The interval [a,b] is called neutral interval whenever zero be a member of the
interval, in other words a < 0,b >0 ora < 0,b > 0.

Similarly, interval functions is defined as following:

Definition 2.5. (i) The function f : I — IR is called positive interval function
whenever fL, f& be positive.

(ii) The function f: 1 — IR is called negative interval function whenever fX, ff be
negative.

(iii) Tthe function f : I — IR is called neutral interval function whenever zero
be a member of the interval, in other words

fFE<0, fE>0o0r fl <0, fL>0.

Definition 2.6. Moore (1966) Let (C(I,IR),p) be a metric space. A map T :
C(I,IR) — C(I,IR) is a contraction map, if there exists a constant \, with 0 < A <
1, such that

p(T(f), T(g)) <A-p(f.9)
forall f,g € C(I,IR).

Definition 2.7. Moore (1966) Let T : C(I,IR) — C(I,IR) be a constraction map
from a continous set C(I,IR) to itself. We call a interval function f € C(I,IR) a
fized interval function if T(f) = f.

Theorem 2.8. The Contraction Mapping Theorem

Let (C(I,IR),p) be a complete metric space and T : C(I,IR) — C(I,IR) be a
map such that p(T'(f), T(g)) < X-p(f,g) for some 0 < A < 1 and for all f and g in
C(I,IR). Then T has a unique fized interval function in C(I,IR).
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Proof. Recalling the notation, T : C'(I,IR) — C(I,IR) is a map contraction with
contraction constant A\. We want to show 7" has a unique fixed interval function, which
can be obtained as a limit through iteration of 7" from any initial value. To show T has
at most one fixed interval function in C'(I, I R), let f; and fs be fixed interval functions
of T. If 0 < A < 1 be a constant contraction for 7', T'(f) = f and T'(¢9) = g, Then

p(f1, f2) = p(T(f1), T(f2)) < X p(f1, fa).

If f1 # fo then p(fi, fa) > 0 so we can divide by p(f1, f2) to get A > 1, which is false.
Thus p(f1, f2) = 0, that show f; = fs.

Next we want to show, for any fo € C(I,IR), that the recursively defined iterates
fo =T(fn_1) for n > 1 converge to a fixed interval fuction of T'(f). For any n > 1,

p(fna fn+1> = p(T(fnfl)aT(fn))
<A p(famts fn)-

Therefore

p(fnvfn-‘rl) S A p(fn—lvfn)
S >\2 'p(fn—2>fn—1)
< <N oo fr).

Using the expression on the far right as an upper bound on p( f,,, f.+1) shows the f,,’s
are getting consecutively close at a geometric rate. This implies the f,,’s are Cauchy:
for any m > n, using the triangle inequality several times shows

plfas fin) < PUfas Fasa) + p(fus1s fasa) + oo+ p(ft, Fin)
<N plfor )+ N p(fo, fi) e+ N plo, 1)
= (A" AT p(fo, I1)

A1 — A
= %)\) - p(fo, f1)
SCAn'p(f(]?fl)a (1)
1
when ¢ = m
To prove from this bound that the f,’s are Cauchy, choose ¢ > 0 and then pick
N
N > 1 such that ((1)\ )\)) - p(fo, f1) <e. Then for any m >n > N,

n

p(fnafm) < 'p(f07f1)

—1-A
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N

< m'ﬂ(fo;fl) <e.

This proves {f,} is a Cauchy sequence. Since C(I,IR) is complete, the f,,’s converge
in C(I,IR). Set f = lim, o f, in C(I,IR). To show T(f;) = f1, we need to know
that contractions are continuous. In fact, a contraction is uniformly continuous. This
is clear when A = 0 since then T is a constant function. If A > 0 and we are given

e > 0, setting § = ; implies that if p(f, g) < 0 then

p(T(f),T(9) <A p(f,g) <A-d=¢.

That proves T is uniformly continuous. Since 7' is continuous, from f, — f; we get
T(fn) — T(f1). Since T(fn) = fat1, T(fn) — f1 as n —> oo. Then T'(f1) and fi
are both limits of {f,,},>0. From the uniqueness of limits, f; = T°(f1). This concludes
the proof of the contraction mapping theorem. O

Theorem 2.9. Bede and Stefanini (2009) Let f : I — IR that f(t) = [fE(t), fR(t)], t €
[a,b]. The interval function f(t) is gH-differentialable if and only if f=(t) and fE(t)
are differentiable real-valued functions. Furthermore

F1@t) = [min{ (f2) (1), (FF) (&)}, max{(f*)'(£), (fF) (£)}]-
Similarity, the map T': C'(I,IR) — C(I, IR) is gH-differentialable.
Definition 2.10.
1. Let T : C(I,IR) — C(I,IR) be a map and f be a fized interval function of T.

Then f function is said to be stable if for any e > 0 there exists 6 > 0 such that for all
g€ C(I,IR) with ||g ©y fllc < we have for alln € Z*

HTn(g) Oy fHC <€,
supye LT (9(8)" = fE@OL (T (g(0)F = fFEO)[} <

2.1 Fixed interval functions

Definition 2.11. If |(T(f(t))) |lc # 1 Then
(1) Fized interval function f of negative interval function T is called a fized attractive
interval function whenever |[(T(f(t)))|lc < 1.
(2) Fized interval function f of positive interval function T is called a fized repulsive
interval function whenever ||(T(f(t)))||c > 1.

Now If |[(T(f(t))'lc = 1 Then
(3) Fized interval function f of neutral interval function T is called a fixed non-
attractive interval function or fixed non-repulsive interval function whenever
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Ty e =1 | |
supye {H(T(F(5))',0)} = maxges masier{[(T(F(E)") ] [(TF(E)7) [} = 1

case 1: i LY| — ()(“ (T(f(to))") = 1,
L ) = 1 {(T(ﬂ))L):_1
f
/

o wvy G [T = 1,
case 2:if |(T(f(ts))")] =1 :;{UXWM%:—l

(4) Fized interval function f is asymptotically stable if it is both stable and attractive.

Theorem 2.12. Elaydi (2007) Assume that T is continuously differentiable in f(t).
Show that if ||(T(f(t)) |lc < 1, for a fized interval function f(t) of T, then there
exists an interval J = [fL(t) — €, fR(t) + €] such that |(T(g(t)) lc < M < 1 for all
g(t) € C(I,IR) and for some constant M.

Theorem 2.13. Let f be a fixed atractive interval function or fived repulsive interval
function of T' such that T : C(I,IR) — C(I,IR) be a contraction map and continu-
ously gH - differentiable and (T(f(t))) be continuous,then the following statements are
valid:

L IFI(T(fF ) le < 1, then fized interval function f is stable asymptote.

2. If (T(f(1)) ||c > 1, then fived interval function f is unstable.

Proof. let M > 0 such that ||[(T(f(t))) |lc < M < 1, then for all € > 0 there is

J = [f5(t) — ¢, fE(t) + €] such that for all g(t) € J we have ||(T(g(t))) ||lc < M < 1.
According to the mean value theorem for all p(t) € J there is a interval function h(t)
between f(t) and p(t) such that

IT(p(1)) ©g fO)lle = T (p{) ©g T(f(t)llc
= (T (h®)) llcllp®t) € fOllc
< Mlp(t) ©4 f()llc (2)

since M < 1, Inequality (2) shows that gH- difference of T'(p(t)) to f(t) is less than
the difference of p(t) to f(t). so T'(p(t)) € C(I,IR).
By repeating the above argument on T'(p(t)) instead of p(t), it can be shown that

(T*(p(1))) ©4 ft)lle < M|T(p(t) O f(B)llc
< M?||p(t) &4 f(B)]lc-

It can be shown by mathematical induction that for all n € Z*

(T (p(2))) ©g f(t)llc < M"|Ip(t) &4 f(E)llc
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To prove stability f, we put § = min{e, €} for every € > 0, which in this case gives
Ip(t) ©¢ f(t)llc < d, consequently

(T (p(t))) ©g F()llc < M™(Ip(t) 4 f()llc <€

which gives stability. In addition, from inequality (2) we have

limy, o0 [|(T(p(1))) ©g f()]lc =0

and therefore lim,, (7" (p(t))) = f(t) , which shows asymptotic stability.

the proof of the second part :

let M < 0 such that [[(T(f()))]lc > 1 > M, then for all € > 0 there is J = [f*(t) —
e, fE(t) + €] such that for all g(t) € J we have ||(T(g(t)))'||lc > 1 > M. According to
the mean value theorem for all p(t) € J there is a interval function h(t) between f(¢)
and p(t) such that

IT(p(t) ©g fF()lle = [T (p(t)) ©g T(f(1))llc
= [I(T (1)) llellp(t) ©4 f(D)le
> M|lp(t) g fF)llc (3)

since M < 0, Inequality (3) shows that gH- difference of T'(p(t)) to f(t) is less than
the difference of p(t) to f(t). so T(p(t)) € C(I,IR).
By repeating the above argument on T'(p(t)) instead of p(t), it can be shown that

I(T*(p(1))) ©g F(t)llc = MIT(p(t)) Oy f(B)lle > M?|Ip(t) S f(1)]lc-

It can be shown by mathematical induction that for all n € Z*

(T (p(2))) ©g fB)llc = M"|Ip(t) &4 f(E)llc

To prove stability f, we put § = min{e, é} for every € > 0, which in this case gives
lp(t) &4 f(t)|lc < 0, consequently

(T (p(t))) ©g f()llc = M™||p(t) Sy f(t)llc > €
which shows unstability. ]

Discussion and conclusions

The stability or unstability of the fixed value interval functions in the metric space
C(I,IR) can be investigate by placing the condition of contraction on the mapping
T:C(I,IR) — C(I,IR). We are working on stability of interval valued functions in
metric space C(I,IR) in games theory.
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Optimizing the solutions of differential equations using the Lie groups
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Abstract: Lie groups have wide applications in applied mathematics, including differ-
ential equations. In this article, the solution of two-dimensional differential equations
by the Lie groups method, which is known as the DSO(n) method, is investigated.
The retention of Lie groups structure under discretization is often vital in the recovery
of qualitatively correct geometry and dynamics and in the minimization of numerical
error. In this method, the Jordan dynamics of a nonlinear dynamic system @ = f(z,t)
where = ||z|| .n in a quasi-linear system is deduced as the generalized Hamiltonian
dynamics of x with a diagonally symmetric and skew-symmetric coefficient matrix.
With this method, to the exact solution z(t) = G(¢t)x(0), G(t) € DSO(n) for a small
time step with ¢ < h , where h is a small size. A numerical example is provided to
verify the correctness and efficiency of the DSO(n) method. The lyapunov exponent
is defined for this method and the stability conditions of the system are determined
based on the sign of the lyapunov exponent. Finally, by numerical simulation, the
optimization of differential equations solutions using the Lie groups method is investi-
gated and validated by comparison with the RK4 method.

Keywords: Lie-groups, RK4 method, lyapunov exponent, asymptotically stable, Op-
timization, DSO(n) method.

1 Introduction

A Lie group is a differentiable manifold, which is endowed with a group structure that
is compatible with the underlying topology of the manifold. The Lie groups solver can
provide a better algorithm that retains the manifold which is associated with the Lie
groups. Lie groups have played a decisive role in our understanding of the geometry of
differential equations. The concept of Lie groups, within their wider terminology and

*Speaker: e.mirzavand@stu.yazd.ac.ir
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machinery of differential geometry, is very helpful in devising some superior numerical
methods to discretize the ordinary differential equations (ODEs) to retain the invariant
property. The new methods are more accurate, more stable, and more effective than
conventional numerical methods because they share geometric structure and invariance
with the original ODEs. In recent years, geometric integrators of ODEs have developed
on the Lie groups and more generally on homogeneous spaces, as illustrated by Iserles
et al. (2000) A Lie group scheme is a method of estimating numerically the exact
solution of & = A(x,t)x, x(0) = zo. where x evolves in a matrix Lie group and A is
a matrix function on the associated Lie algebra.

Remark 1.1. Runge-Kutta Method: A method of numerically integrating ordinary
differential equations by using a trial step at the midpoint of an interval to cancel out
lower-order error terms. The fourth-order formula is: ky = hf(x,, yn),

ks = hf(x, + 1/2h,y, + 1/2k3),

Ynt1) = Yn + 1/6k1 + 1/3ky + 1/3k3 + 1/6ks + O(h°), where O(x) is a Landau symbol.

Definition 1.2. Erdmann et al. (2006) Let F be a field. A Lie-algebra over F' is an
F-vector space L, together with a bilinear map, the Lie bracket
LxL— L, (z,y) — [z, y], satisfying the following properties:
[z, z] = 0 forallxz € L, (L1)
[z, [y, 2]] + [y, [z, z]] + [z [z, y]] = 0 forallz, y, = € L. (L2)

Suppose we have a system of n-dimensional ODFE's with
T = f(z,t),2(0) =29, teR, zeR" (1)

Lie group schemes were developed by Liu (2001) using the Lorentz group SO,(n,1)
embedded in an augmented dynamical system. According to Liu Liu (2001) , we can
define a unit vector of the orientation of the state vector = for (1) as follows:

n=_— (2)

kdl

where ||z|| = v/z.z > 0is the Euclidean norm of =, A dot between two vectors, such as
and y, indicates their inner product. We can derive the following by using Equations(1)
and (2).

— |z = —Vx.x =3.n= f(z,t)n. (4)
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From Eqs (3) and (4), the nonlinear dynamical system (1) can be divided into two
dynamical systems, which are studied within n € S” — 1 and ||z|| € R*. According to
equations (3) and (4),

S
d | ||z]|n Onxn Tl ]|
dt{ ] ) e (5)

x
0
[l

Assuming that the cone condition is invariant, here is the augmented state vector:
XTgX =0 With g = [ o
M"™+1. The superscript 1" denotes the transpose, and I, is the identity tensor of order
n. The fact that A € so(n, 1), i.e., ATg+ gA = 0. According to the above augmented

ODEs in Eq (5), Liu (2001) has developed the group-preserving scheme (GPS) based
on the Lorentz group SOo(n,1): xg11 = @k + 0k fr, || Trr1l] = ak ||z ]| —i-”;)f—iuxk.fk. Where

o= o (M) 4y s (BB g, o =D Xk UL g
] ] I

The above equations denote that h is a small time stepsize, x; was the numerical value
of x at the k-th time step tx = kh), and f was equal to f(z,tr). We present a new
aspect of the orientation dynamics for Eq (3) from the Jordan structure Iordanescu
(2007), Jordan structures can be divided into three types: algebras, triple systems,
and pairs. According to Liu (2000), the author developed a dynamical system with
conservative and dissipative forces on the right side with the triplet vectors:

Olel } . being the metric tensor of the Minkowski space

T =y, z,ul :=y.z2u— u.zy. (7)

There are three functions y, 2z, and u associated with x and . An autonomous system
does not depend on ¢; otherwise, it is a non-autonomous system. Eq.(3) can be written
as follows based on the Jordan dynamics in Eq.(7).

7= [n n Hf_d | (®)

by using n.n = ||n||*> = 1. Obviously, Eq.(8) can be written as

n:[i®n—n®i]n. (9)

] ]

The symbol ® in u ® y implies the dyadic operation of w and y: (u ® y)z = y.zu.

2 The Lie group DSO(n) method

According to the definition x = ||z|| n, Eqs (2), (4), and (9) give us:

i = ”J;‘TQ:E + H:I:LH ® Hi_ll — Hi_l ® HJ;—” x. According to symmetric and skew-symmetric
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matrices S = L5, W = |m|| ® IIxH — 2 ® L taking the Hamiltonian function

|| fial? llzll = [l

H = @2, we can write = [+ W|VH = [S+ W]xz. This is a generalized Hamil-
tonian realization Liu (2002) of the nonlinear dynamical system(1), which is endowed
with a Lie-symmetry DSO(n). In the diagonal-symmetric part S, phase flow is dila-

tion/contraction, while in the skew-symmetric part W, it is rotation.

Definition 2.1. We define the Lyapunov exponent for the DSO(n) method as follows,
where x(t) are the results of the DSO(n) method.

F' (g +¢) — F'(m) ~ eeM (10)

__ |F'(@ote)—F'(x0)]

| Ft(z0+€)—F*(0)|
€ ) €

A= lim 1 log
t—00,e—0

Where e

Theorem 2.2. Suppose the Lyapunov exponent for the DSO(n) method is defined
as above. If A\ > 0, Then the system is unstable, and if A\ < 0, Then the system is
asymptotically stable.

3 Numerical example

We will examine the following example to assess the performance of the newly developed

DSO(n) method.

Example 3.1. Let us consider the following periodic system:

j:l = 31'1 513'1(0) =
Ty = —332,552(0) =

The exact solutions are
{nO s BR”
1o(t) = {5¢~
The error of system 3.1 is zero for x5 with the RK4 method because x5 has a linear
solution.

Discussion and conclusions

Using a generalized Hamiltonian form with coefficients derived from diagonal and skew-
symmetric matrices, we convert the usual nonlinear differential equation system into
a generalized Hamiltonian form. The diagonal symmetric part represents phase flow
dilation/contraction, while the skew symmetric part represents phase flow rotation.
The closed-form numerical scheme derived from the Lie-symmetry of the underlying
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rrrrrrrrrr

Figure 1: For system 3.1 in Fig.1(a) and (b) respectively, we compare the numerical errors obtained by applying the
DSO(n) method and the fourth-order Runge-Kutta method (RK4) to the above system with a stepsize h = 0.01 s.
The DSO(n) method is accurate than RK4.

new system is Lie group G € DSO(n), and it has been tested on one example to show
its performance. With the new method, you can easily implement numerically and
you can obtain high computational efficiency and accuracy. We compare the numerical
errors obtained by the DSO(n) method and the RK4 under the same stepsize h = 0.01
s, of which we can find that the DSO(n) method is much more accurate than the RK4,
which shows that this solution method It is more efficient in optimizing the solution of
differential equations. We defined the Lyapunov exponent using method DSO(n) and
studied the stability of the system using the defined Lyapunov exponent.
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Abstract: In this paper, we investigate pitchfork bifurcation in the two-dimensional
stochastic Zeeman heartbeat model which is one type of slow-fast system, from both
analytical and numerical perspectives. We consider propositions which give sufficient
conditions of drift and diffusion coefficients to verify the existence of the stochastic
pitchfork bifurcation of this model.

Keywords: Slow-fast system, Stochastic pitchfork bifurcation, Stochastic models,
Zeeman heartbeat model.

1 Introduction

A slow-fast ordinary differential equation is usually written as follows.

{&ifﬁ_— f (), (1)

y=g(z,y),

where ¢ is a small parameter and the components of x € R", y € R™ are called fast and
slow variables, respectively. Let Dy C R™ be a connected set of the nonempty interior,
and suppose that there exists a continuous function z* : Dy — R™ such that (z*(y),y) €
D and f(2*(y),y) =0 for all y € Dy. Then the set M = {(x,y) : x =2*(y), y € Do}
is called a slow manifold of the System (1) Berglund and Gentz (2006).

In 1972, E.C. Zeeman introduced a slow-fast system for the heartbeat Zeeman (1972).
This model focuses on three significant characteristics of the heart, which are the stable
state that demonstrates the resting state of the heart, the threshold for triggering the
electrochemical wave causing the heart to go into the contracted state, and finally
coming back to the stable state. As a result, we get the following model.

{ ziz—(x—_(x;’d; ar +vy), a >0, 2)
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where z(t) is a variable associated with the muscle fiber length, y(t) indicates electro-
chemical activity, the parameter € represents a small positive constant related to the
fast eigenvalue of the system, a illustrates the tension in the muscle fiber, and x4 is
a scalar value that represents a typical fiber length when the heart is in the resting
situation. The curve M = {(z,y) : y = ax — 2} displays the slow manifold of this
system. We can conveniently obtain the eigenvalue of the Jacobian matrix of Eq.(2),

Ao = 2% (— (3% —a) £ \/(3:1;2 —a)’ - 45) .

Therefore, M N {|z| > |/} is the attractor, and M N {|z| < /%} is the repellor. In
other words, the threshold for switching between the diastolic and the systolic states
is z = /% and = —,/%. In Fig.1, points A and B define the threshold.

Electrochemical activity,y(t)

Heart muscle fiber length,x(t)

Figure 1: Phase portrait of the two-dimensional Zeeman heartbeat model with ¢ = 0.02, a = 1 and z4 = 0.

2 Stochastic heartbeat model

As stochastic disturbances are unavoidable, it is reasonable to study the stochastic
bifurcations for slow-fast systems. There are many unknown factors associated with
the human heart which cause the heartbeat to behave in a complex way. Since the
heartbeat model is stated for deterministic case, it is interesting and worthwhile to
examine this model in a stochastic case. We have the original Zeeman heartbeat model
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(2), which is perturbed by weakly multiplicative noises. By transferring the equilib-
rium point to the point O(0,0), we obtain:

du = = (v + 3zqu® + (3x4* — a)u +v) dt + oudWy (), (3)
dv = udt + nudWs (t),

where x4 is the bifurcation parameter, ¢ and n are adequately small real constants
representing the ambient noise in the system, and W;(¢) (i = 1, 2) indicate independent
standard Wiener processes.

According to Luo and Guo (2017) and using Taylor expansion, polar coordinate, and
stochastic averaging method, System (3) can be transformed to the It6 stochastic
differential equations, and also parameters p; are calculated for + = 1,...,6. In order
to examine the stability and bifurcation of Itd system, we only need to consider the
averaging modulus equation of system (3). Therefore, we have:

1 1 1
dr = [ + gl + gparldt + () 2dW (1), (4)
such that, W, represents independent and standard one-dimensional Wiener process.
In Eq.(4), the coefficients of dt and dW,(t) are time-dependent drift and diffusion
coefficients, respectively, and,
i T U T T B ST
= 5—(3rg —a), e = 0" + 0", 3 = —, jg = 30" + 1"
2e €

According to Theorems in Luo and Guo (2017), the stochastic system (4) undergoes
a stochastic pitchfork bifurcation when the parameter py passes through the value of
16441 + p2. Hence, we reach the following propositions.

Proposition 2.1. (i) When |z4| > 1/3(a — £02), the trivial solution of the linear It

stochastic differential Equation (4) is asymptotically stable with probability 1, which
means that the stochastic system (3) at the equilibrium point O is stable.

(i1) When |zq| < \/3(a — $0?), the trivial solution of the linear Ité stochastic differen-

tial Equation (4) is unstable with probability 1. Therefore, the stochastic system (3) at
the equilibrium point O is unstable .

Corollary 2.2. The system (4) undergoes a stochastic pitchfork bifurcation when |x4| =

%(a —20?).

In the following, we confer numerical simulations using the Euler-Maruyama (EM)
method Chakraborty et al. (2012) to confirm the analytical results of the stochastic
heartbeat model (3). To confirm Proposition 2.1, we choose ¢ = 0.2, a = 1 and 0 =
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n = 0.1. Thus, if |z4| > 0.5772, the origin is stable, and if |z4| < 0.5772, the origin is
unstable. Thereby, the stochastic pitchfork bifurcation occurs when |z4] = 0.5772. We
see the phase portrait and time series of the System (3) in Fig.2 and Fig.3, respectively.

(@ X706 (b) %,=0577

05 05
05 04 03 02 01 0 01 02 03 04 05 05 04 03 02 01 0 01 02 03 04 05

Figure 2: Phase portrait of System (3) for (a) x4 = 0.6, (b) x4 = 0.577.
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Figure 3: Time series of System (3) for (a) z4 = 0.6, (b) z4 = 0.577.

Discussion and conclusions

Dynamical behavior and bifurcation conditions of a stochastic heartbeat model were
investigated. Some numerical simulations were presented to illustrate the dynamic
behavior and confirm our theoretical results. Based on these results, when the relation
between the heart muscle fiber length and the electrochemical activity is disturbed, a
stochastic pitchfork bifurcation occurs. Therefore, a stochastic pitchfork bifurcation
explains the cause of disturbance in heart function.
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Abstract: In this paper, a computational method based on parameterizing state and
control variables is presented for solving Stochastic Optimal Control(SOC) problems.
By using Chebyshev wavelets with unknown coefficients, state and control variables are
parameterized, and then a stochastic optimal control problem is converted to a stochas-
tic optimization problem.The expected cost functional of the resulting SO problem is
approximated by Sample average approximation (SAA), thereby the problem is formu-
lated as a deterministic optimal control problem which can be solved by optimization
methods, more easily. For guaranteeing convergence of the presented method a new
theorem is proved. Finally, the proposed method is implemented for solving Merton
portfolio allocation problem in finite horizon. The simulation results illustrate improve-
ment of constructed portfolio return.

Keywords: Stochastic optimal control, Chebyshev wavelets, Optimal asset allocation.

1 Introduction

In dynamic programming approach, the second-order partial differential HJB equation
is usually solved under some prior assumptions and even it is not solvable analytically,
in most cases, which is why applying appropriate numerical ideas can be applicable to
design optimal decision (control) rulesChauhan (2021). Among the numerical ideas,
the direct ones are more common methods. In these methods, the dynamical system
is discretized in space and time domainKafash (2017). In this paper, a new direct
numerical method based on Chebyshev wavelets is applied to solve Stochastic Optimal
Control(SOC) problems. For this purpose, stochastic state and control processes and
expected cost function of the SOC problem are parameterized. Therefore, the SOC
problem is converted to a Stochastic Optimization (SO) problem. Thus, the param-
eterized expected cost functional is approximated by Sample Average Approximation
(SAA), thereby the problem is formulated as a deterministic optimal control problem

*Speaker: sabaphd88Q@gmail.com
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which can be solved by optimization methods, more easily. The convergence of the pro-
posed method is proved through a new theorem. Finally, Merton portfolio allocation
problem is solved by the proposed method.

2 Mathematical Preliminaries

2.1 Formulation of a SOC Problem

Assume that {X;}icjor) is @ n-dimentional stochastic process within the probability
space (2, F,R) and {B;}icp,7 is a d-dimentional Brownian motion. The finite-horizon
SOC problem is defined as follows Pham (2009):

T
minuE[/ L(Xy, up)dt + G(T, X7)|, (1a)
0
s.t dXt = b(Xt, Ut)dt + U(Xt, ’Ll/t)dBt, (1b)
X(0) = Xo. (1c)

2.2 Chebyshev Wavelets

The family of Chebyshev wavelets ¥,,,,(t) = W(k,n,m,t) is one of the applicable
wavelets that is defined on interval [0, 1] as the follows Rafiei (2018):

k
am22 k+1 n—1 n
U, (1) = ¢ S0 D277 =20 41) 50 SES ok 2

() { 0 , OtherWise @)

where, k € Nandn = 1,2,3,...,2%. Also,m =0,1,2,...., M —1 for M-order Chebyshev
polynomials and
an={ ¥ 05 ®)

Additionally, T,,(¢)’s in (2) are Chebyshev polynomials.

3 Solving SOCP via Chebyshev Wavelet-based Method

3.1 Chebyshev Wavelet Expansion of Stochastic Processes

Let, Q@ C C'0,T] is set of all piecewise-continuous function with initial condition
(Ic) and Qar -1 € Q is class of combinations of Chebyshev wavelet polynomials of
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degree up to (M —1). Consider the Chebyshev wavelet approximations of state process
{Xt}ieo,r) and control process {u;} as follows:

ko p—1

X(t) = Z Z Am ¥ (1), (4)

n=1 m=0
and
k pM—1
Ut =) comTum(t). (5)
n=1 m=0

Therefore, the SOC problem(1) can be interpreted as a stochastic minimization problem
on Q. For this purpose, the interval [0, 7] is divided to 2¥ subintervals, i.e.:

1 1 2 2k —1
0.7 =10, TNl T2 x TN - U5 171 (6)
Also, the cost functional (1a) becomes:
A T A A A
E[J(a10, -, Gokpr—15 €105 -5 Cokp—1)] = E[/ L(X,U)dt + G(T, XT)]- (7)
0

Additionally, from (4) and (5), the controlled Ito SDE (1b) becomes:

Xt = b(Xt, 0t) + O'(Xt, Ut)Bt, (8)
Also, according to the initial condition (1c), we have the following constraint:

M—-1

Z alm‘lflm(o) —Xo=0 (9)

m=0

According to continuity property of the state variable and (6) for ¢; = 2%, i=1,2,..2F
1, one can yield:

S At Wi (t) = S0 a2 Vo (1)
: (10)

Z%:_ol gk 17 Wk _1m (tor_1) = Z%:_ol atka‘I’2km(t2k—1)

According to the SOC problem (1) and the parameterization process that was men-
tioned above, a Stochastic Optimization (SO) with objective function (7) subject to
constraints (8),(9) and (10) is obtained that can be solved by SO methods Chauhan
(2021), more easily.
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3.2 Expected Cost Function Approximation

Sample average approximation (SAA) is the most common approach for minimizing the

expected value, F [j (X, €)]. According to SAA approach, the expected cost function is
approximated by the average of the realizations:

BU(X,€) = - 37 J(X,6) a1

The right hand side of equation (11) is deterministic, so deterministic optimization
methods can be used for solving the following approximated problem for all n € N:

~

1~
5; == min(atm)eR%HM E[J(Ozt, Yt 5)] == minXeR2k+1M ﬁ Z J(X, fz) (12)
i=1
Deterministic search is the main benefit of SAA Chauhan (2021).

3.3 Convergence Analysis

In this section convergence of the proposed method is investigated.

Theorem 3.1. Let, 8 = inf(xueq E[J]. If Bory—1 = inf(xuwyeq,,,, , E[J(X,u)] for
k,M =1,2,... where Qoxpr—1 15 a subset of @, then limy prso0 Borpr—1 = B

4 Simulation Results

Merton portfolio allocation problem in finite hoziron:
T
Bl = B / P (Uy(1))dt (13)
0

st dW, = 2OW, + BUW, — Up(t)dt (14)
=[(1=Uy(t))r + Uy RIWydt + Uy (t)oWid By — Us(t)dt, W(0) = Wy,
where, W; is wealth at time ¢ € [0,7] with a known initial value Wy, also, U;(t) is a
fraction of wealth to invest in a risky asset, Us(t) denotes wealth consumption value,
£ and F are discount rate and utility function, respectively. Also, bond price b; and
the stock price S; evolves according to the following Black-Scholes models:
db(t ds,
db(t) _ rdt, — — = Rdt+ odB, (15)
b S
where, o is a real positive constant that denotes volatility of S;, and B; is a Brownian
motion described. Thereby, this SOC problem is solved by using the proposed method
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%10' Optimal Trajectory of Wealth <108 The wealth trajectory

Figure 1: Left: The wealth trajectory by Chebyshev wavelet-based method. Right:The wealth trajec-
tory by method proposed in Kafash (2017)

ine section3 and the simulation results are shown in Figure.1.(A) and comprised with
the simulation result of method proposed in Kafash (2017) shown in Figure.1.(B).

According to Figure.1, the value of the portfolio increases from 10°$ to 4 x 10'°$.
From comparison point of view, the resulting portfolio of Chebyshev wavelet-based
method has a higher return.

Conclusion

In this paper, a new approach based on Chebyshev wavelet-based algorithm for solving
SOC problems was presented. Thereby, the SOC problem was converted to a SO prob-
lem and an accurate approximation of the solution was produced, without requiring to
compute operational matrix of derivative. An advantage of proposed method is that
a SOC problem is solved without encountering a partial differential HJB equation.
The convergence of proposed method was proved via a new theorem. The capability
and efficiency of proposed method was shown in simulation results of Merton portfolio
allocation problem.
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Simultaneous solution of optimization and eigenvalue assignment

problem using common state feedback matrix

Ayatollahi, M.!
!Department of Mathematics, Payame Noor University (PNU), Tehran, Iran.

Abstract: In this paper, we are going to propose a state feedback matrix for Linear Time In-
variant (LTI) control systems that simultaneously minimizes the cost and assigns the eigenval-
ues of the system to the desired locations. To achieve this goal we use a parametric feedback

matrix and estimate the parameter values by optimization.

Keywords: Linear Time Invariant control system (LTI), Optimization, Eigenvalue assign-
ment, State feedback matrix.
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Scheduling IoT requests using the meta-heuristic algorithms

Fateme bahranipour, A. B.!, Sepehr ebrahimi mood, A.2, Mohammad farshi A.*
'Department of Computer Science, Yazd University, Yazd, Iran.
2Department of Computer Science, Yazd University, Yazd, Iran.

*Department of Computer Science, Yazd University, Yazd, Iran.

Abstract: Over the last few years, the Internet of Things (IoT) has evolved at a remarkable
speed to achieve a wide range of emerging services and new applications.The quality of pro-
viding services in Internet of Things networks is highly dependent on the participation of
devices to perform proceeds from data measurement, calculations to communication and the
level of intelligence of the Internet of Things. Cloud computing is very popular because of
its unique capabilities to deliver services and process mass-produced data. At the same time,
using an appropriate planning program increases the efficiency of a cloud system. In this
article, a model system for optimising energy in the cloud space is first defined, then requests
are scheduled using the enhanced Reptile Search Algorithm (RSA). The RSA has been im-
proved by using scaling method. The results show that the use of the improved RSA (MRSA)
using the distance power sum scaling method improves the optimization quality compared to

other comparative methods.

Keywords: Meta-heuristics Algorithms, Optimization Algorithms, Reptile Search Algo-
rithm (RSA)

Mathematics Subject Classification (2010): xxAxx, xxBxx, xxCxx.
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A descent family of the spectral HS model based on the quasi-Newton
method

Khoshsimaye-Bargard, M.!, Ashrafi, A.!
'Department of Mathematics, Faculty of Mathematics, Statistics and Computer Science,

Semnan University, Semnan, Iran.

Abstract: The prominent computational features of the Hestenes—Stiefel parameter as one
of the fundamental members of conjugate gradient methods have attracted the attention of
many researchers. Yet, as a weak stop, it lacks global convergence for general functions.
To overcome this defect, a family of spectral version of Hestenes—Stiefel conjugate gradient
methods is introduced. To compute the spectral parameter, in account of worthy properties
of quasi—-Newton methods, we minimize the distance between the search direction matrix of
the spectral conjugate gradient method and the BFGS (Broyden—Fletcher—Goldfarb—Shanno)
update. To achieve the sufficient descent property, the search direction is projected in the or-
thogonal subspace to the gradient of the objective function. The convergence analysis of the
proposed method is carried out under standard assumptions for general functions. Finally,
the practical merits of the suggested method are investigated by numerical experiments on
a set of CUTE-r test functions using the Dolan-Mor¢ performance profile. The results show

the computational efficiency of the proposed method.

Keywords: Nonlinear programming, Spectral conjugate gradient method, Quasi—Newton
method, Sufficient descent property, Global convergence.

Mathematics Subject Classification (2010): 49M37, 90C06, 90C30.
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Abstract The interest rate is one of the key macroeconomic variables and is always con-
sidered as a guide for market participants. Factors such as inflation rate and interest rate play
a big role in the dynamics of the economy. In the problem of optimal management, inflation
is a structural product of macroeconomics, it depends on the interest rate; Therefore, one
should look for fundamental policies to solve the problem. In this research, the inflation rate
is mathematically modeled based on the interest rate and the Fisher effect theory. This model
has been implemented in MATLAB software on the data of Iran Statistics Center and Central
Bank. The results of this modeling show that the average annual inflation rate is close to
22 percent. By examining the policies of the central bank, it can be seen that the nominal

interest rate in Iran is constant, which contradicts the results presented in this research. In this
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research, we study the basic structure of a dynamic stochastic optimization problem, which

is controlled by the optimal control of the interest rate and the inflation rate.
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Study of forward and inverse kinematics of SCARA robot with four
degrees of freedom

Zavar, M.!, Safa, A.R.?
'Department of Electrical, Faculty of Technical and Engineering, Golestan University,
Gorgan, Iran
2Department of Electrical, Faculty of Technical and Engineering, Golestan University,

Gorgan, Iran

Abstract: In this article, solving the problem of forward and inverse kinematics of SCARA
robot arm is studied. This robot belongs to series robots and has four degrees of freedom.
First, we examine the forward kinematics of the robot and obtain the rotation matrices and the
homogeneous transformation matrix and calculate the forward kinematics of the robot. Next,
the method of solving the inverse kinematics problem of the robot is studied using Cultural,
Genetic-Hybrid, Gray Wolf, Firefly, Ant Colony and Particle Swarm algorithms. In the end,
the effectiveness of the proposed approaches for solving the inverse kinematics problem of

the SCARA robot is evaluated with multiple simulations.

Keywords: SCARA, Forward Kinematics, Inverse Kinematics, Genetic-Hybrid Algorithm,
Gray Wolf Optimization.
Mathematics Subject Classification (2010): xxAxx, xxBxx, xxCxx.
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The main title of the paper

Shayanfard, F.!, Shafiei , A. R.?
'Department of Mathematics, Payame Noor University, Tehran , Iran.

2Department of Mechanical Engineering,Yazd University , Yazd , Iran.

Abstract: Considering the costs of production and the approach of the industrial society in
making buildings and machines lighter and smaller, the change in the approach of designers
to the category of design has intensified. In this research, the capabilities, advantages and
limitations of a new branch of design science called topological optimization were investi-
gated. In order to evaluate this method, the problem of cantilever beam under static loading
was investigated with topological optimization. The results showed that the reduced volume

in the final model is equal to 66.29 percent.

Keywords: Stress, Topology optimization, Structural optimization.
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Mathematical modeling and optimal control of the COVID-19 dynamics

Salehizadeh, M.', Mahmoudzadeh vaziri, A.?
'Department of Mathematical Sciences and Statistics, University of Birjand, Birjand, Iran.

?Department of Mathematical Sciences and Statistics, University of Birjand, Birjand, Iran.

Abstract: We examine a new model of the COVID-19 disease along with the analysis of opti-
mal control in case of vaccination. First, we present the model. In addition, we consider con-
trols to minimize the spread of infection. Four different controls of prevention, vaccination,
screening of people exposed to the disease and treatment of infected people are considered.
Using the proposed controls, we create an optimal control model and express its mathemat-
ical results. In addition, the mathematical model with control is solved by the Runge-Kutta
method and the results are presented graphically. The results obtained for optimal control
show that controls can be useful to reduce infected people and improve community health.
Keywords: Optimal control, COVID-19, Vaccination, Runge-Kutta method.

Mathematics Subject Classification (2010): 49J15, 34K35, 37TN35.
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Optimal pebbling: Finding the best configuration

Saeid Alikhani!, Fatemeh Aghaei!

'Department of Mathematical Sciences, Yazd University, Yazd, Iran

Abstract: There are many graph-theoretic subjects that could go under the umbrella of “Mov-
ing Things Around on Graphs.” For example, in network optimization, one moves packages
from supplies at some vertices to demands at others, with costs accrued per package across
edges, attempting to do so most cheaply. A pebble move in a graph consists of removing
two pebbles from a vertex of the graph and then placing a pebble in the adjacent vertex. If
a distribution (or configuration) of pebbles allows us to repeatedly move at least one pebble
to each vertex, then that distribution is called a pebble graph. One of the most fundamen-
tal questions is how many pebbles are needed to guarantee that any configuration with this
number can place a pebble on any given target vertex. The minimum number of pebbles that
meets this condition is called the number of graph pebbles and it is denoted by the symbol
7(G). To answer this question, we mostly consider the worst case scenario, which is the
largest configuration that cannot solve the goal. In this article, we consider the best scenario,
that is, the smallest configuration that can solve any goal. The optimal pebble number of a
graph GG, denoted by the symbol 7*(G), is equal to the smallest number m such that there is

a configuration C' with size m which is a solution for each target r.

Keywords: Model, graph pebbling, optimal pebbling.
Mathematics Subject Classification (2010): 05C76.
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Roman and Italian dominating function and number of graph

Saeid Alikhani!, Faezeh Foroughi!

'Department of Mathematical Sciences, Yazd University, Yazd, Iran

Abstract: A subset of S C V(@) is a dominating set of the graph G, if any vertex outside
the set S'is adjacent with at least one vertex of S. The size of the smallest set dominating set
of GG is called the domination number and is denoted by v(G). A Roman dominating function
on the graph G is a function f : V(G) — {0, 1,2} such that every vertex v with f(v) = 0
is adjacent to at least one vertex labeled 2. The weight of the dominating Roman function
f is equal to the sum of all the labels given to the vertices under f. The Roman domination
number G is equal to the minimum weight of the Roman dominating function of the graph
G and is denoted by vz((G). One of the generalizations of Roman dominatin number and
dominating function is Italian function and domination

number. An Italian dominating function on a graph G is a function f : V(G) — {0, 1,2}
such that every vertex v with f(v) = 0 is adjacent to at least two vertices labeled 1 or at least
adjacent to one vertex labeled 2. The weight of the Italian dominating function f is equal to
the sum of all the labels given to the vertices under f. The Italian domination number G is
equal to the minimum weight of the Italian dominating function of the graph G and is denoted
by v7(G). In this paper, we study the Italian Roman number, Italian dominating function and

the number of Roman and Italian dominating sets with weight ¢ for some specific graphs.

Keywords: Domination number, Italian, Roman, graph.

Mathematics Subject Classification (2010): 05C76.
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Optimal control of parabolic differential inclusions in two space

dimension

Zahra Vahedi Gandomani', M.mahmoudi?
'Department Mathematics, Faculty of Sciences, University of Qom, Qom, Iran.

2Department Mathematics, Faculty of Sciences, University of Qom, Qom, Iran

Abstract: In this paper optimization of parabolic differential inclusions (DFIs) in a bounded
cubic region is devoted. For this purpose, a problem with a parabolic discrete inclusion is
defined, which is the main inevitable auxiliary problem. Then, using the method of discretiza-
tion of parabolic DFIs and the optimality conditions for discrete inclusions, the necessary and
sufficient conditions for the discrete-approximate problem are formulated in the form of the
Euler-Lagrange type inclusion. Then, using a especially proved equivalence theorem, we

establish sufficient optimality conditions for a parabolic DFI.

Keywords: Approximate, discrete and parabolic differential inclusions, Euler-Lagrange,

equivalence, necessary and sufficient.
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An extension of Adomian’s decomposition for a class of conformable

fractional Sturm-Liouville problems

Mortazaasl, Hamid'
'Department of Mathematics and Computer Science, Shabestar branch, Islamic Azad

University, Shabestar, Iran.

Abstract: The numerical approximation of the eigenvalues and the eigenfunctions of a class
of Sturm-Liouville problems, which include conformable fractional derivatives, is consid-
ered. The results show the simplicity and efficiency of the the Adomian’s decomposition
method. Also, the present results are demonstrated by the tables and the graphs for different

values of considered problem.

Keywords: Conformable fractional derivatives and integrals, Sturm-Liouville operators,
Eigenvalues, Eigenfunctions, Adomian’s decomposition method.
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Solving the problem of forward and inverse kinematics of the Spot
Welding Robot

Manouchehri, N.!, Safa, A.R.?
'Department of Electrical, Faculty of Technical and Engineering, Golestan University,
Gorgan, Iran
2Department of Electrical, Faculty of Technical and Engineering, Golestan University,

Gorgan, Iran

Abstract: The robot examined in this article is a Spot Welding Robot that has six degrees of
freedom. The kinematics problem describes the motion of a mechanical arm without consid-
ering the forces and torques that produce the motion. In forward kinematics problem we seek
to determine the position and rotation of the end effector for given values of joint variables.
In this article, first the forward kinematics of the robot is extracted and then the inverse kine-
matics of the welding robot is calculated with the help of genetic-hybrid, firefly, gray wolf,
cultural, particle swarm and ant colony algorithms, and the performance of these approaches

is compared.

Keywords: 6DoF Robot, Forward Kinematics, Inverse Kinematics, Genetic Algorithm, Fire-
fly Algorithm.
Mathematics Subject Classification (2010): xxAxx, xxBxx, xxCxx.
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Subjects.

The aim of the Seminar is to provide a forum for presentation and
discussion of scientic works covering theories and methods in a wide

range of areas:

e Theoretical Control and Optimization,

e Applied Control and Optimization,

e Stochastic Control and its Application,

e History and Philosophy of Control and Optimization,
e Control and Optimization Education,

e Airospace Engineering,

e Financial Mathematics,

e Control and Optimization in Other Sciences,

e Other Areas of Control and Optimization,

e Biology Mathematics.






Preface

The Annual Iranian Seminar on Control and Optimization has been held
since 2016. The 5™ national seminar on control and optimization (5nsco)
was be held virtually at Yazd University in Yazd (one of the most
beautiful and historical city of Iran) from Jan 25 until Jan 26, 2023. The
Iranian Mathematical Society (IMS), ISC and Yazd University have
jointly sponsored the 5nsco. This seminar is a national seminar and
includes Keynote speakers, Invited speakers, Presentations of
contributed research papers, and Poster presentations. It is our pleasure
to publish some of completed extended abstract in this proceeding.

| wish to express my sincere appreciation and gratitude to IMS, ISC,
Yazd University and all whom during this time with their diligent efforts
made the seminar possible.

Best regards
Ali Delavar Khalafi
Chair of 5th national seminar

on control and optimization
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